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ALGEBRAIC INDEPENDENCE OF VALUES
OF GOSS L-FUNCTIONS AT s = 1
BRAD A. LUTES AND MATTHEW A. PAPANIKOLAS
In honor and memory of David R. Hayes
Abstract. We investigate special values of Goss L-functions for Dirichlet characters
at s = 1 over rings of class number one and prove results on their transcendence and
algebraic independence.
1. Introduction
Given a ring of functions in one variable over a finite field that has class number
one and a degree one rational place, we consider special values of Goss L-functions for
Dirichlet characters at s = 1. Although we are restricted to only finitely many possible
rings, we obtain precise formulas for the transcendence degrees of these special L-values
as the character varies.
We first establish some notation about rings of class number one. We let q denote
a fixed power of a prime number p. We let A0 := Fq[θ]. For j = 1, . . . , 4, we let
Aj := Fq[θ, η]/(fj), where
(1.1)
f1 = η
2 − θ3 + θ + 1 ∈ F3[θ, η],
f2 = η
2 + η + θ3 + α ∈ F4[θ, η], α ∈ F4, α2 + α + 1 = 0,
f3 = η
2 + η + θ3 + θ + 1 ∈ F2[θ, η],
f4 = η
2 + η + θ5 + θ3 + 1 ∈ F2[θ, η].
Even though A1, . . . , A4 are defined over specific finite fields, when discussing these rings
generically, we will use the convention that ‘Fq’ denotes the base field appropriate to the
ring in question. Now for each j, we let Kj be the fraction field of Aj, and it is well
known that each Kj is the function field of a smooth projective irreducible curve Xj over
Fq such that Aj is the ring of regular functions on Xj away from a fixed closed point ∞
on Xj of degree 1. Most important for our purposes is that each Aj is a principal ideal
domain, and they represent a complete list of rings of algebraic functions over finite fields
with a degree one rational place that have class number one [9].
Now let A be one of A0, . . . , A4, with corresponding f , K, X , etc. as above. We fix a
uniformizer u := uj ∈ K at ∞: u0 := 1/θ; for j = 1, 2, or 3, uj := θ/η; and u4 := θ2/η.
We let K∞ := Fq((u)) be the completion of K at ∞, we let K be the completion of an
algebraic closure of K∞, and we set | · | to be the absolute value on K such that |u| = 1/q.
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We define a sign function sgn : K×∞ → F×q that is trivial on the 1-units of K∞ and takes
sgn(u) = 1, and we set
A+ := {a ∈ A : sgn(a) = 1}
to be the monic elements of A.
Choose an irreducible polynomial ℘ ∈ A+ with residue field F℘ := A/℘, and let χ :
F×℘ → F×℘ ⊆ K× be a homomorphism. We extend χ to a Dirichlet character χ : A→ F℘
by setting χ(a) = 0 whenever ℘ | a. We then define values of the Goss L-function for χ
at positive integers to be
L(s, χ) =
∑
a∈A+
χ(a)
as
∈ F℘((u)), s ∈ N.
Goss extends L(s, χ) to a much larger analytic domain [6, Ch. 8], but we are only con-
cerned here with the sums defined above with s ∈ N.
In [2] Anderson related the values L(1, χ) for A0 = Fq[θ] to Carlitz logarithms of alge-
braic numbers. Anderson’s results were extended by the first author [10] to A1, . . . , A4,
where L(1, χ) was expressed in terms of Drinfeld logarithms on sgn-normalized Drinfeld-
Hayes modules (see §3). Combining these formulas with algebraic independence results
on Carlitz and Drinfeld logarithms due to Chang and the second author [3, 13], we prove
the following formula for the transcendence degree of the values L(1, χ), as χ varies, over
the algebraic closure K of K contained in K.
Theorem 1.2. Let ℘ ∈ A+ be an irreducible polynomial of degree d, and let Ξ℘ be the
group of all Dirichlet characters modulo ℘ on A. For each χ ∈ Ξ℘, L(1, χ) is transcen-
dental over K. Furthermore,
tr. degK K
(
L(1, χ) : χ ∈ Ξ℘
)
=
(qd − 1)(q − 2)
q − 1 + 1.
When χ is the trivial character, then up to the Euler factor at ℘, L(1, χ) is essentially
the zeta value
ζA(1) =
∑
a∈A+
1
a
.
These values were proved to be transcendental by Thakur [16] and Yu [19]. Some cases
of the transcendence of L(1, χ) were also established by Damamme [4]. In the classical
case over number fields, results in these directions have recently been obtained by Murty
and Murty [11], [12], assuming Schanuel’s conjecture. It would be quite interesting to
place the results here in the context of recent work of Pellarin [14] or Taelman [15], but
we have not pursued these lines of inquiry yet.
2. Preliminaries on Drinfeld-Hayes modules
Having fixed A, K, and sgn : K×∞ → F×q , we know from the theory of Drinfeld modules
that there is a unique ‘sgn-normalized’ Drinfeld A-module of rank 1 defined over K,
called the Drinfeld-Hayes module (see [6, Ch. VII], [7, §3], [18, Ch. 3]). We let K{τ}
be the ring of twisted polynomials in τ over K, where multiplication is governed by the
rule τc = cqτ for c ∈ K. The Drinfeld-Hayes module ρ is defined to be the Fq-algebra
homomorphism
ρ : A→ K{τ},
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such that (1) the constant term in τ of ρa is a, (2) degτ (ρa) = deg(a), and (3) the top
coefficient of ρa is sgn(a). Since K{τ} can be identified with a subring of the ring of
Fq-linear endomorphisms of K, we see that ρ induces an A-module structure on any
extension field L of K, denoted by a · x := ρa(x), a ∈ A, x ∈ L. We let (ρ, L) denote L
with the A-module structure induced by ρ.
The existence and uniqueness of such a Drinfeld module are by no means guaranteed,
and its construction is fundamental to explicit class field theory for K. Furthermore, for
more general rings A (those without class number one), such a sgn-normalized module
can be defined only over the Hilbert class field of K. See Hayes [7], [8] for additional
information and connections with class field theory.
For each j = 0, . . . , 4, the Drinfeld-Hayes module ρj : Aj → Kj{τ}, can be defined by
its action on generators of Aj from the defining polynomials in (1.1). Precise definitions
of each ρj can be found in [7, §11] (and also [6, §7.11] or [17]). When A = A0, then ρ0 is
the Carlitz module ρ0 : Fq[θ]→ K0{τ}, defined by
(2.1) ρ0θ = θ + τ.
When A = A1, ρ
1 : F3[θ, η]→ K1{τ} is defined by
(2.2)
ρ1θ = θ + (η
3 + η)τ + τ 2,
ρ1η = η + (η
4 − η2)τ + (η9 + η3 + η)τ 2 + τ 3.
Since we will not appeal to the precise definitions of ρ2, ρ3, and ρ4 in what follows, we
direct the reader to the above references for more details about them.
Now there is an exponential function expρ : K→ K associated to each Drinfeld module
ρ = ρj, which is given by an Fq-linear power series
expρ(z) = z +
∑
i≥1
eρ,iz
qi ∈ K[[z]].
The coefficients of expρ(z) are determined uniquely by the conditions that
(2.3) expρ(az) = ρa
(
expρ(z)
)
, a ∈ A,
and the function expρ(z) is entire, Fq-linear, and surjective on K. There is a period
pi := pij in a finite extension of K∞ such that we have an exact sequence of A-modules
0→ Api → K expρ−−→ (ρ,K)→ 0,
which uniformizes ρ as the quotient of K by a discrete A-lattice of rank 1. The inverse
of expρ(z) is given by a power series
logρ(z) = z +
∑
i≥1
lρ,iz
qi ∈ K[[z]],
which is convergent for |z| < |pi|. For convenience, we record that
(2.4) |pi0| = qq/(q−1), |pi1| = 3−3/2, |pi2| = 4−8/3, |pi3| = 1, |pi4| = 2−4,
each of which follows from [6, Cor. 7.10.11]. (See [10, §IV.E] for details.)
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3. Log-algebraicity formulas and the proof of Theorem 1.2
In [2], Anderson proved a log-algebraic power series identity for twisted harmonic sums
over rings of algebraic functions, valid for any sgn-normalized rank 1 Drinfeld-Hayes
module, even over rings of class number > 1. The results there were based on earlier
work of Anderson [1], which provided similar power series identities without twisting and
which themselves were inspired by results of Thakur [16] on special zeta values. The
connections between log-algebraicity identities and special L-values L(1, χ) were first
introduced in [2] for the case A = Fq[θ] and were investigated further in [10] for general
A, in particular for A1, . . . , A4.
In the context of the Drinfeld-Hayes modules ρ0, . . . , ρ4 already defined, Anderson’s
main theorem is the following.
Theorem 3.1 (Anderson [2, Thm. 3]). Let ρ be one of the Drinfeld-Hayes modules
ρ0, . . . , ρ4 defined in §2. For every β in the polynomial ring A[x], the power series
expρ
(∑
a∈A+
β(ρa(x))
a
zq
deg a
)
∈ K[x][[z]]
is in fact in A[x, z].
Taking β = xm, m ≥ 0, and 0 ≤ j ≤ 4, we define special polynomials
(3.2) Sjm(x, z) := Sm(x, z) = expρ
(∑
a∈A+
ρa(x)
m
a
zq
deg a
)
∈ A[x, z].
Anderson worked out extensive properties of special polynomials in the Carlitz module
(ρ = ρ0) case [2, Prop. 8], and he provided tables of examples [2, §4.3]. The first
author extended Anderson’s results on special polynomials to the cases of ρ1, . . . , ρ4 [10,
Prop. IV.17]. For some specific examples, see §4.
Let A be one of A0, . . . , A4 with corresponding Drinfeld-Hayes module ρ. We set
eρ(z) := expρ(piz).
Fixing a prime ℘ ∈ A+ of degree d, the ℘-torsion elements ρ[℘] of ρ are given by all
eρ(b/℘), b ∈ A. Of particular interest for us are the specializations
Sm(eρ(b/℘), 1) ∈ A[eρ(b/℘)], b ∈ A,
which lie in the ℘-th Carlitz cyclotomic extension K ′ := K(eρ(1/℘)). If we let
λρ,m(z) :=
∑
a∈A+
eρ(az)
m
a
, m ≥ 0,
then by (2.3) and (3.2) we have
(3.3) expρ
(
λρ,m(b/℘)
)
= Sm(eρ(b/℘), 1),
and thus each λρ,m(b/℘) is the logarithm of a K-valued point on ρ.
We let Lρ(℘) = SpanA
(
λρ,m(b/℘) : m ≥ 0, b ∈ A
)
be the A-linear span of the ele-
ments λρ,m(b/℘), and then the module Sρ(℘) of special points of ρ is defined to be the
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image of Lρ(℘) under expρ. Thus Sρ(℘) is the A-submodule of (ρ,K ′) generated by the
Sm(eρ(b/℘), 1):
Sρ(℘) := Spanρ(A)
(
Sm(eρ(b/℘), 1) : m ≥ 0, b ∈ A
)
.
It is a fundamental result of Anderson that this module has finite rank for the Carlitz
module, which was extended by the first author to the cases ρ1, . . . , ρ4.
Theorem 3.4 ([2, Prop. 9 & Thm. 4]; [10, Prop. IV.23 & Thm. VI.4]). Let N :=
{1} ∪ {m ∈ Z : 1 < m ≤ qd − 1, m 6≡ 1 (mod q − 1)}.
(a) We have SpanK
(Lρ(℘)) = SpanK(λρ,m(1/℘) : m ∈ N ).
(b) The A-module Sρ(℘) is finitely generated of rank #N −1 = (qd−1)(q−2)/(q−1).
We note that for (a) and (b) in the above theorem to be true there must be an element
of Lρ(℘), or at least an A-linear combination of elements of Lρ(℘), whose exponential is
torsion on ρ. This is revealed in the proof to be
(3.5) λρ,1(1/℘) = pi/℘, S1(eρ(1/℘), 1) = eρ(1/℘).
See the proofs of [2, Prop. 8(VII)], with m = 1, or [10, Thm. VI.4].
Corollary 3.6. The set {λρ,m(1/℘) : m ∈ N} is linearly independent over K.
Proof. Let W = SpanK
(Lρ(℘)) ⊆ K. Since Sρ(℘) = expρ(Lρ(℘)) has A-rank #N − 1, it
follows that
dimK W = (#N − 1) + dimK(W ∩Kpi).
By (3.5) we see that the second term is equal to 1. 
One can also uniquely define dual coefficients e∗ρ,m(a) ∈ K, for a ∈ A, ℘ ∤ a, m ≥ 1,
by requiring, for a and b relatively prime to ℘,
(3.7)
qd−1∑
m=1
e∗ρ,m(a)eρ(b/℘)
m = ℘ · δab =
{
℘ if a ≡ b (mod ℘),
0 otherwise.
See [2, Prop. 10] and [10, §V.D] for details; results of Feng [5] and Zhao [21] provide
additional information on computing dual coefficients and associated root numbers in
terms of Gauss sums in the case ρ = ρ0. The dual coefficients are defined precisely to
obtain a formula for the partial zeta function,
(3.8)
∑
n∈A+
bn≡ a (mod℘)
1
n
=
1
℘
qd−1∑
m=1
e∗ρ,m(a)λρ,m(b/℘),
for any a, b ∈ A relatively prime to ℘. This formula is obtained in a straightforward
manner by substituting in the defining series for λρ,m(b/℘) and simplifying the resulting
expression (see [2, §4.7] or [10, §V.E]). Now for any Dirichlet character χ ∈ Ξ℘, if we take
b = 1 in (3.8), multiply by χ(a), and take the sum over a, we obtain
(3.9) L(1, χ) =
qd−1∑
m=1
(
1
℘
∑
a∈F×℘
χ(a)e∗ρ,m(a)
)
λρ,m(1/℘),
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where the inner sum runs over a ∈ A representing classes in F×℘ . The inner sums are the
root numbers. Using the orthogonality relations for characters and (3.7), we find also
that
(3.10) λρ,m(1/℘) =
∑
χ∈Ξ℘
(∑
a∈F×℘
χ−1(a)eρ(a/℘)
m
)
L(1, χ).
We can now prove our main result.
Proof of Theorem 1.2. Because ρ is a rank 1 Drinfeld A-module, its endomorphism ring is
simply A. Therefore, by [20, Thm. 4.3], we see that K-linear combinations of logarithms
of K-valued points on ρ are either 0 or transcendental. Applying this to the sum in (3.9),
each L(1, χ) is transcendental over K, since L(1, χ) 6= 0 (e.g. |L(1, χ)| = 1).
Now by (3.9) and (3.10) we see that
SpanK
(
L(1, χ) : χ ∈ Ξ℘
)
= SpanK
(
λρ,m(1/℘) : 1 ≤ m ≤ qd − 1
)
,
and thus it suffices to calculate the transcendence degree of K
(
λρ,m(1/℘) : 1 ≤ m ≤
qd− 1) over K. Now from (3.3), expρ(λρ,m(1/℘)) ∈ K for each m. Also, by Theorem 3.4
and Corollary 3.6, we see that {λρ,m(1/℘) : m ∈ N} is a K-basis of SpanK
(Lρ(℘)). Thus
K
(
λρ,m(1/℘) : m ∈ N
)
= K
(
λρ,m(1/℘) : 1 ≤ m ≤ qd − 1
)
= K
(Lρ(℘)).
Finally, by [3, Thm. 1.1.1] and [13, Thm. 1.2.6], it follows that
tr. degK K
(
λρ,m(1/℘) : m ∈ N
)
= #N = (q
d − 1)(q − 2)
q − 1 + 1.

4. Examples
We now calculate some examples to elaborate on Theorem 1.2. Although formulas
such as (3.9) work well for theoretical purposes, they often contain hidden cancelations,
and sometimes L-values can be evaluated somewhat more directly.
Example 4.1. We begin by letting ρ = ρ0 be the Carlitz module (see (2.1)) over F3[θ]
and taking ℘ = θ. The character group Ξθ is of order 2, generated by the character
χ : F3[θ]→ F3 defined by χ(a) = a(0). Referring to [2, §4.3], we see that the first special
polynomial for ρ is S01(x, z) = xz. Therefore by (3.3),
expρ
( ∑
a∈F3[θ]+
eρ(a/θ)
a
)
= eρ(1/θ).
Now standard facts about the Carlitz module [6, Ch. 3] imply that for all a ∈ F3[θ]
ρa(eρ(a/θ)) = χ(a)eρ(a/θ),
and also eρ(1/θ) =
√−θ. Thus,
expρ
(√−θL(1, χ)) = √−θ.
Since
√−θ is θ-torsion, it follows that
(4.2)
√−θL(1, χ) ∈ F3[θ] · pi0
θ
.
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Recalling that the Carlitz period over F3(θ) has the expression
pi0 = θ
√−θ
∞∏
i=1
(
1− 1
θ3i−1
)−1
,
(see [18, §2.5]), it follows that the F3[θ]-multiple in (4.2) is simply 1: indeed, the right-
hand side is a discrete set, and so this can be checked after a finite amount of computation.
Therefore,
(4.3) L(1, χ) =
pi0
θ
√−θ .
As χ2 is the trivial character modulo θ, we observe (see [18, §5.9]) that
(4.4) L(1, χ2) =
(
1− 1
θ
)
logρ(1),
and since 1 is not a torsion point on ρ, we see that K(L(1, χ), L(1, χ2)) = K(pi0, logρ(1)),
and moreover L(1, χ) and L(1, χ2) are algebraically independent by [13, Thm. 1.2.6].
Example 4.5. We again consider the Carlitz module case ρ = ρ0 over F3[θ] but now take
℘ = θ2 + 1; however, in the interests of space we must omit many of the details. We
let χ : F3[θ] → F9 be the character defined by χ(a) = a(
√−1), which has order 8. For
α ∈ F9((1/θ)), we let α 7→ α denote the canonical automorphism that sends
√−1 to
−√−1 and fixes θ. Thus for all j, L(1, χj) = L(1, χ3j). We let
ζ1 := eρ
(
1
θ2 + 1
)
, ζ2 := eρ
(
θ
θ2 + 1
)
,
and then ρ[θ2 + 1] = F3ζ1 + F3ζ2. Now using that S
0
1(x, z) = xz, we see
(4.6) expρ
( ∑
a∈F3[θ]+
eρ(a/(θ
2 + 1))
a
)
= ζ1.
A straightforward calculation reveals that for all a ∈ F3[θ],
eρ
(
a
θ2 + 1
)
= −(χ(a) + χ3(a))ζ1 +
√−1(χ(a)− χ3(a))ζ2.
Therefore,∑
a∈F3[θ]+
eρ(a/(θ
2 + 1))
a
= (−ζ1 +
√−1 ζ2) · L(1, χ)− (ζ1 +
√−1 ζ2) · L(1, χ3),
and (4.6) implies that the right-hand side is in F3[θ] · pi0/(θ2 + 1). Again a computation
reveals that this multiple is exactly 1, and thus
(4.7) (−ζ1 +
√−1 ζ2) · L(1, χ)− (ζ1 +
√−1 ζ2) · L(1, χ3) = pi0
θ2 + 1
.
Similarly, for a ∈ F3[θ],
eρ
(
aθ
θ2 + 1
)
= −√−1(χ(a)− χ3(a))ζ1 − (χ(a) + χ3(a))ζ2,
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and we find, after summing over all a ∈ F3[θ]+, that
(4.8) (−√−1 ζ1 − ζ2) · L(1, χ) + (
√−1 ζ1 − ζ2) · L(1, χ3) = θpi0
θ2 + 1
.
Combining (4.7) and (4.8), we obtain
L(1, χ) =
pi0
(ζ1 −
√−1 ζ2)(1 +
√−1 θ) ,(4.9)
L(1, χ3) =
pi0
(ζ1 +
√−1 ζ2)(1−
√−1 θ) , (= L(1, χ)).(4.10)
In a similar manner, using also that ζ21 + ζ
2
2 = ζ1ζ2(ζ
2
1 − ζ22) = −
√
θ2 + 1 (taking the
positive square root of θ2 + 1 with respect to sgn),
(4.11) L(1, χ2) =
1√
θ2 + 1
[
− ζ
3
1ζ
3
2
θ2 + 1
logρ(ζ
2
1 ) +
1
ζ1ζ2
logρ(ζ
2
2) +
ζ1ζ2√
θ2 + 1
logρ(ζ
4
1 − ζ61 )
]
+
√−1
[
− 1
ζ31ζ
3
2
logρ(ζ
2
1 ) +
ζ1ζ2
θ2 + 1
logρ(ζ
2
2 )−
1
ζ1ζ2
√
θ2 + 1
logρ(ζ
4
1 − ζ61 )
]
,
and L(1, χ6) = L(1, χ2). We observe that |ζ1| = 3−1/2 and |ζ2| = 31/2, and so ζ21 , ζ22 , and
ζ41 − ζ61 are within the radius of convergence of logρ(z) as given in (2.4). Furthermore,
(4.12) L(1, χ4) =
logρ(
√
θ2 + 1)√
θ2 + 1
.
Also,
(4.13) L(1, χ5) =
pi0
(
√−1 ζ1 + ζ2)
√
θ2 + 1
,
and L(1, χ7) = L(1, χ5). Finally, since χ8 is the trivial character, as in the previous
example,
(4.14) L(1, χ8) =
(
1− 1
θ2 + 1
)
logρ(1).
Thus combining (4.9)–(4.14), we see that
K
(
L(1, χj) : 1 ≤ j ≤ 8) = K(L(1, χ), L(1, χ2), L(1, χ4), L(1, χ6), L(1, χ8))
= K
(
pi0, logρ(1), logρ(ζ
2
1), logρ(ζ
2
2 ), logρ(ζ
4
1 − ζ61 )
)
.
By an analysis similar to the one in the proof of Theorem 3.4, these logarithms can be
shown to be linearly independent over F3(θ) and thus are algebraically independent over
K by [13, Thm. 1.2.6].
Example 4.15. Let ρ = ρ1 be the Drinfeld-Hayes module for A = A1 = F3[θ, η] defined
in (2.2). We let χ : A → F9 be the character modulo θ of order 8 defined by χ(a) :=
a(0,
√−1). Here we present formulas for L(1, χj), 1 ≤ j ≤ 8, which take values in
F9((θ/η)) = F9((1/
√
θ)). As in the previous example L(1, χj) = L(1, χ3j), where α 7→ α
denotes the canonical automorphism of F9((1/
√
θ)) such that
√−1 7→ −√−1 and √θ is
fixed. As expected, we find that
K
(
L(1, χj) : 1 ≤ j ≤ 8) = K(L(1, χ), L(1, χ2), L(1, χ4), L(1, χ6), L(1, χ8)),
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and that the terms on the right form a transcendence basis by Theorem 1.2 via [3,
Thm. 1.1.1]. One goal of this example is to make these L-values more explicit. The
calculations are more involved but similar in spirit to the previous examples, and again
space limitations force us to omit many of the details. Furthermore, because of computa-
tional difficulties (see (4.16)), we were unable to calculate exact expressions for L(1, χ2)
and L(1, χ6) = L(1, χ2).
We calculate some preliminary data. Using [6, Eq. (7.10.6)] the period pi1 of ρ can be
computed by taking the product
Π1 = θ
−9(η6 + η4 + η2)
·
∏
a∈A+
[(
1− 1
a2θ2
)(
1− η
2
a2θ2
)(
1− (η + 1)
2
a2θ2
)(
1− (η − 1)
2
a2θ2
)]2
,
and then extracting an 8-th root,
pi1 =
√−1 ·Π1/81 ,
where the root of Π1 is chosen to have sgn value 1. We let
ξ1 := eρ
(
1
θ
)
, ξ2 := eρ
(
η
θ
)
,
and thus ρ[θ] = F3ξ1 + F3ξ2. We find that |ξ1| = 3−7/2 and |ξ2| = 33/2, and furthermore
ξ1ξ2(ξ
2
1 − ξ22) =
√
θ, ξ21 + ξ
2
2 = −(θ + 1)
√
θ, ξ41 + ξ
4
2 = η(θ − 1)
√
θ.
Finally we compute the special polynomials (see [1, p. 492] and [10, Ch. VII]),
(4.16)
S10(x, z) = z + ηz
3 + z9,
S11(x, z) = xz + ηx
3z3 − ηx3z9 + x9z9 − x9z27,
S12(x, z) = x
2z + ηx6z3 − (η4 + η2)x6z9 + ηx12z9 + x18z9
− (η9 − η3 − η)x18z27 + x36z27 + x54z81.
In spite of our best efforts we were unable to compute S14(x, z), which would be necessary
for finding an exact expression for L(1, χ2), but we obtained the partial result,
S14(x, z) = x
4z + ηx12z3 − (η3 + η)x6z9 − (η10 + η4 + 1)x12z9 − (η7 − η5 + η3)x18z9
− ηx30z9 + x36z9 + (η16 − η14 + η12 − η8 + η4)x18z27
− (η27 + η9 + η7 − η5 + η3 − η)x36z27
− (η18 + η12 + η10 + η4 − η2 − 1)x54z27 − x90z27
+ (η45 + η39 + η37 + η31 − η29 − η27 + η21 + η19 − η13 + η11 − η9 − η7
+ η5 − η3 + η)x54z81 − (η18 + η12 + η10 + η4 − η2 + 1)x108z81
− (η27 + η9 + η3 + η)x162z81 +O(z243).
However, bounds on the degree of z in S14(x, z) (see [10, Prop. IV.17(5)]) allow for non-
zero z243, z729, z2187, and z6561 terms, and the required precision on the coefficients
exceeded our computing power. Fortunately, computations of S13(x, z) and S
1
5(x, z) were
unnecessary, since S1m(x, 1) = 0 for all odd m ≥ 3 (see [10, Prop. IV.17(6)]).
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Combining the above computations with (3.3) (see also [10, Ex. VIII.4]), we find that
L(1, χ) =
(−ξ1 + η(θ − 1)ξ2 − (ξ2 + η(θ − 1)ξ1)√−1)
(θ + 1)θ
√
θ
· pi1,(4.17)
L(1, χ3) =
(−ξ1 + η(θ − 1)ξ2 + (ξ2 + η(θ − 1)ξ1)√−1)
(θ + 1)θ
√
θ
· pi1, (= L(1, χ)),(4.18)
L(1, χ5) =
(−√−1 ξ1 + ξ2)(θ + 1)
θ
· pi1,(4.19)
L(1, χ7) =
(
√−1 ξ1 + ξ2)(θ + 1)
θ
· pi1, (= L(1, χ5)).(4.20)
Let Logρ(z) denote the multi-valued logarithm of ρ, for which logρ(z) is a particular
branch, i.e. for α, β ∈ K, we write Logρ(α) = β if expρ(β) = α. Then we find
L(1, χ4) =
1√
θ
Logρ
(
θ4
√
θ + (η + 1)θ
√
θ +
√
θ
)
,(4.21)
L(1, χ8) =
(
1− 1
θ
)
Logρ(η − 1),(4.22)
where, since χ8 is the trivial character, (4.22) is simply a restatement of [16, Thm. VI].
The reason for using Logρ is that the above arguments inside Logρ are not within the
radius of convergence of logρ(z) according to (2.4), and we did not find any attractive
formulas for L(1, χ4) using logρ(z) only, as in [16, Thm. VI]. However, the right-hand
side of (4.21) is the unique logarithm of θ4
√
θ + (η + 1)θ
√
θ +
√
θ that is in F3((1/
√
θ)).
Finally, for L(1, χ2) and L(1, χ6) we have the formulas
(4.23)
( √
θ
ξ1ξ2
+
√−1 ξ1ξ2
)
L(1, χ2) + (θ + 1)
√
θL(1, χ4) +
( √
θ
ξ1ξ2
−√−1 ξ1ξ2
)
L(1, χ6)
= logρ
(
ξ21 − (η4 + η2 − η)ξ61 + ηξ121 − (η9 − η3 − η − 1)ξ181 + ξ361 + ξ541
)
and
(4.24)
( √
θ
ξ1ξ2
−√−1 ξ1ξ2
)
(θ + 1)
√
θL(1, χ2) + η(θ − 1)
√
θL(1, χ4)
+
( √
θ
ξ1ξ2
+
√−1 ξ1ξ2
)
(θ + 1)
√
θL(1, χ6) = −Logρ(S14(ξ1, 1)).
Given that |ξ1| = 3−7/2, more than likely S14(ξ1, 1) is small enough so that the right-hand
side of (4.24) is − logρ(S14(ξ1, 1)).
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